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Abstract. Let if> -. C C he a. finite morphism between smooth, projective, 
irreducible curves defined over a non-archimedean valued, algebraically closed 
field k. The morphism ij> induces a morphism between the analytifications of 
the curves. We will construct a compatible pair of deformation retractions of 
(-^/an ^j^j Qs.n ^hose images T(;;/an and Tf^an are closed subspaces of C^" and 
which are homeomorphic to finite metric graphs (cf. Definition 2.3). We 
refer to such closed subspaces as skeleta. In addition, the subspaces Tq/s^h and 
Tcran are such that their complements in the two analytifications decompose 
into the disjoint union of Berkovich open balls and annuli. To these skeleta we 
can associate a genus. The pair of compatible deformation retractions forces 
the morphism <p to restrict to a map T(yiB.n — > Tf^an . We will study how the 
genus of Tp/an can be calculated using the morphism ij> : Tq/iih — > Tpan. 
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1. Introduction 

Our goal in this paper is to study finite separable morphisms between smooth, 
projective, irreducible curves in terms of the maps they induce between certain 
closed subspaces of the curves which are homeomorphic to finite metric graphs (cf. 
Definition 2.3). We call such subspaces skeleta. 
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Let k be an algebraically closed, complete non-archimedean valued field. Let 
C and C be smooth, projective, irreducible fc-curves and : C" — > C be a finite 
morphism such that the extension of function fields k{C) ^ k{C') is separable. 
The morphism induces a morphism between the respective analytifications which 
we denote (j)^'^. Hence we have 

We prove that there exists a pair of ' compatible 'deformation retractions: 

i} : [0, 1] X C^" C^" 

and 

ip' ■.[0,l]x C"^" ^ C""^ 

such that Tc'.- 7/''(l,C"^") and Tc=.n i/'(l,C"^") are skeleta in C"^" and C"'" 
respectively with the following property. The analytic spaces C"^" \ Tc/an and 
(jan ^ Xcan decompose into the disjoint union of Berkovich open disks and annuli. 
That is to say, there exist weak semi-stable vertex sets (cf. Definition 2.5) 21 C C^" 
and 21' C C"^" such that Tc- = r(2t, C^") and Tc-- = r(2l', C^'^). 

The deformation retractions ip and ip' are said to be compatible if we have the 
following commutative diagram. 



[0, 1] X C" 



id X (f)'^ 



[0, 1] X C"* 



As a consequence of the above diagram being commutative, we have the equality 
of sets Tc'an = (0^")-i(Tc-). 

In the case C = Pj, and a morphism : C" where C is a smooth, projective, 

irreducible /c-curve, Hrushovski and Loeser have constructed a compatible pair of 
deformation retractions of the spaces C and P^ onto F-internal subspaces (Section 
7, |HL] ) . For a fc- variety y, the space V is very similar to the Berkovich space 
V^'^ (Section 13, IHLI ) . In section 2 we construct a compatible pair of deformation 
retractions given a finite, separable morphism : C" — C by adapting the strategy 
employed in (Section 7, [HL]). 

The morphism (j)^"^ restricts to a surjective map Tc/an — T^an between the 
skeleta. Since the spaces Tc/an and Tpan are homeomorphic to finite metric graphs, 
they can be decomposed into a set of vertices and a set of edges. Let y(Tcan) and 
V{Tc"!'n) denote the set of vertices of the skeleta Tea,, and Tc""" respectively. We 
require that the pair (V^(T(7a„), T/(Tc'/an)) satisfies the following properties. 

(1) V(Tc'a„) = (0-)-l(F(Tcan)). 

(2) As described above, there exist weak semi-stable vertex sets 2t C C"*" and 
21' C C"^" such that Tpan = r(2l,C^") and Tc-n = r(2l', C"^'^). We wiU 
require that 21 C V{Tc-r.) and 2t' C F(Tc'an). 

(3) If p {p') is a point on the skeleta T^an (Tc/a,,) for which there exists a suffi- 
ciently small open neighbourhood f7 C Tcan ([/' C T(7'a„) such that 
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{U \ {p'}) has atleast three connected components then p e ^(Tcin) 

ip' e F(Tc'an)). 

Likewise, let i?(T(7an) and £'(Tc/Bn) denote the set of edges of the skeleta Tcan and 
Tc'an respectively. We define the genus of the skeleton Tcan as follows. 

.g(Tcan) =l-t/(Tcan)+i?(Tcan). 

The morphism restricts to a morphism between the two skeleta. The genus of 
the skeleton Tc'an can be calculated using invariants associated to the set of vertices 
F(Tcan). To do so we define a divisor w on Tpan whose degree is 2g(T(7'an) — 2. 
A divisor on a finite metric graph is an element of the free abelian group generated 
by the points on the graph. For a point p € Tcan, let w{p) denote the order of the 
divisor at p. We define w as follows. 

^(P) := ( Kep,p')) - "^rip. 

We now define the terms in the expression above. For any p' G such that 

= p, the morphism c6'^" induces a map between the tangent spaces at p' and 
p (cf. Definition 2.6). Let Ep be the set of germs (cf. Section 2.4) for which there 
exists a representative starting from p and contained completely in Tcan. Hence 
Ep is a subset of the tangent space at p. For every p' g (0™)~"^(p) and Cp G Ep, 
let l{ep,p') denote the number of lifts (cf. Definition 3.1) of the germ Cp starting 
from p' . The cardinality of the set of preimages of the point p is denoted Up. That 

is. Up :=tt{(r")-i(p)}- 

In Section 5 we show that w is indeed a well defined divisor and that its degree 
is equal to 2(?(Tcan) — 2. We then study the variable Up for p e C*" of type I and 
II and l{ep,p') described above when the morphism ^ is Galois. These results are 
sketched below. 

We assume only for section 5 that the morphism ^ : C" — > C is such that the 

extension of function fields k{C) ^ k{C') is Galois. Let p G of type I or 
II. Let Sp be the smallest real number belonging to the interval [0, 1] such that 
p e V-'(.Sp, C"*"). To calculate rip we begin by defining an equivalence relation ^r(s ) 
on the set of fc-points of the curve C". Let x[,X2 G C'{k). We set x[ ~r(sp) X2 if 
(l>{x'i) = ^(^2) and tlj'{sp.x[) ~ ip' [sp^x^). Observe that each equivalence class is 
finite. For x' G C'{k), let [x'],.(Bp) denote that equivalence class containing the point 
x' and ji[a:;']r(sp) be its cardinality. In Lemma 5.2 we show that if x'l, x'2 G C'{k) are 
such that (j){x'i) = (/>(a;2) then 

tt[2^'l]r(sp) = tJ[2;2]r(sp)- 

Let x G C(fc) and x' G (j)~^{x). We set rsp{x) := tt[a;']r(sp)- The lemma mentioned 
above implies that rg^i-) is well defined. By our assumption that the extension 
of function fields k{C) ^ k{C') is Galois, it follows that the ramification degree 
ram(a;'/x) is constant as x' varies along the set of preimages of x for the morphism 
(p. Let ram(.T) := ram(a;'/x). For a point p G Tcan, we use Proposition 5.3 to show 
that the value rip can be calculated in terms of the invariants Vg (_) and ram(_) 
defined at the /c-points of the curve C. More precisely, we prove that if a; G C{k) is 
such that ip{sp, x) = p then the following equality holds true. 

Up = [fc(C') ; fc(C)]/(r,^(x).ram(x)). 

If p is a point of type II, then the formula above simplifies further since the skeleton 
Tcan contains every point belonging to C{k) which is ramified. That is to say for 
every x G C{k) such that ip{sp,x) = p, ram(a;) = 1. 

We now proceed to simplifying the other term in the expression which defines 
the divisor w, namely l{ep,p') for p' G {^'^'^)~^{p) and Cp G Ep. In Lemma 5.4 we 
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show that l{ep,p') remains constant as p' varies through the set of preimages p' S 
We set l{ep) := l{ep,p'). As explained before, the germ Cp is an element 
of the tangent space at p (cf. Definition 2.6). By Section 2.4.3, it corresponds 
to a discrete valuation of the A:-function field 'H{p). For any p' e 

the extension of fields 'H{p) ^ 'H(p') can be decomposed into the composite of a 
purely inseparable extension and a Galois extension. Hence the ramification degree 
ram(e'/ep) is constant as e' varies through the set of lifts of the germ of Cp and 
starting at any p' G 4'~^{p). Let ram(ep) be this number. In Proposition 4.5 we 
show that 

l{ep,p') = [k{C') : fc(C)]/(npram(ep)). 

We have thus shown that the genus of the skeleton Tc"" can be computed in terms 
of the invariants ri(_) defined at the fc-points of the curve and ram(_) defined at 
the fc-points of the curve and elements of the tangent space at a type II point of 

Tcan. 

In section 4, we take another approach to understanding the genera of the two 
skeleta. We assume now that the morphism <f> is separable but not necessarily 
Galois. It is known that 

(1) 9{C) = 5(Tc-") + Spey(Tcan)5p- 

where gp is the genus of the fc-function field 'H(p) if p is of type II and zero otherwise. 
Likewise we have that 

(2) g{C') = .g(Tc-) + Sp,ey(T^,„)5p'- 

Since the morphism (/) : C" — > C is a finite separable morphism between smooth, 
projective curves, the Riemann-Hurwitz formula (Corollary IV. 2. 4, [H]) enables us 
to relate the genera of the curves C and C. Precisely, 

(3) 2g{C') - 2 = deg{4>){2g{C) - 2) + R 

where i? is a divisor on the curve C such that if is tamely ramified at x' G C 
then ord2;'(i?) = ram(a;',a;) — 1. Using equations (1) and (2) above, we obtain the 
following formula relating the genera of the skeleta (?(Tc'>n) and ^(Tcan). 

2.g(Tc-) - 2 + 2(Sp,g^.(Xc,.„)5p') = degm2g{Tc^n) - 2)+ 

deg{(j)){2J:p(=v{rc^n)9p) + R- 

In the above equation the only vertices in V{Tc^^) and V{Tc"^^) for which the 
genera gp or gpi are not necessarily zero are those of type II. Hence we restrict 
our attention to those vertices of type II. If p' G y(Tc/an) then = p. 

The point p £ corresponds to a multiplicative norm on the function field 
fc(C) and the collection of norms on fc(C") which extend p are precisely the set of 
preimages The extension of non-archimedean valued complete fields 

^ 'H{p') induces an extension of fc-function fields ^ 'H(p')- The fc- 

function fields and "Hip') both correspond to smooth projective k curves which 
we denote by Cp and C pi respectively. If the morphism C pi — > Cp was separable 
then the Riemann-Hurwitz formula relates the numbers gpi and gp. 

Let I{p',p) denote the subfield of H(p') which contains such that I{p',p) 

is purely inseparable over 'H{p) of degree i{p) and I{p,p') ^ 'H{p) is a separable 
field extension of degree i{p'). The function field I{p',p) corresponds to a smooth 
projective fc-curve which is homeomorphic to Cp. We denote this curve Wpi^p. 
Since I{p',p) is purely inseparable over the function field 'H(p) the genus of the 
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curve Wpi^p is equal to gp. Applying the Riemann-Hurwitz formula to the extension 

I{p',p) ^ "Hip') and substituting in the equation above gives 

25(Tc-) - 2 - degm2g{Tc^n) - 2) + I]pey(Tc»)^p(2gp - 2)+ 

Spev(Tcan)2(np + deg{(i))) + i? + Sp,gy(Xp,„)i?p'. 

The constant Ap is defined to be [l]p/g(0a„')-i(p-)i(p')] + deg{(j)). The number of 
preimages of a point p G for the morphism (j)^'^ is denoted Up. The ramification 
divisor associated to the Riemann-Hurwitz formula for the field extension I{p' ,p) ^ 

H(p') is denoted Rpi. 

The remainder of Section 4 is dedicated to simplifying some of the terms that 
appear in the equation above. 

2. Preliminaries 

2.1. The analytification of a fc-variety. In this section we discuss the analytifi- 
cation of a smooth, projective curve over the non-archimedean valued, algebraically 
closed field k. 

Let X be a reduced, separated variety of finite type over the field k. Associated 
functorially to X is a Berkovich analytic space X™. We examine this notion in 
more detail. 

Let k — an denote the category of fc-analytic spaces (1.2.4, |B2|V Set denote the 
category of sets and Schift/k denote the category of schemes which are locally of 
finite type over k. We define a functor 

: k — an — > Set 

Y ^ Hom(y, X) 

where Hom(y, X) is the set of morphisms of fc-ringed spaces. The following theorem 
defines the space X^'^. 

Theorem 2.1. (3.4-l,^\) The functor F is representable by a k-analytic space 
X**" and a morphism tt : X™ — > X. For any non-archimedean field K extending 
k, there is a bijection X^'^(A') — > X{K). Furthermore, the map n is surjective. 

The associated fc-analytic space X'^" is good. This means that for every point 
X e X**" there exists a neighbourhood of x isomorphic to an affinoid space. Theorem 
2.1 implies the existence of a well defined functor 

O''" -.Schijt/k -> good fc - an 
X H> X^". 

We follow (Section 4, [AB]) to describe X''". As a set X''" is the collection of 
pairs {(a;, r/)} where x is a scheme theoretic point of X and 77 is a valuation on the 
residue field k{x) which extends the valuation on the field fc. We endow this set with 
a topology as follows. A pre-basic open set is of the form {(x, 77) G C/^"||/(?7)| G W} 
where ?7 is a Zariski open subset of X with / G Ox{U), W an open subspace of 
R>0 and |/(r/)| is the evaluation of the image of / in the residue field k{x) at 77. A 
basic open set is any set which is equal to the intersection of a finite number of pre- 
basic open sets. Properties of the scheme translate to properties of the associated 
analytic space. If X is proper then X''" is compact and if X is connected then X**" 
is pathwise connected. 

Let C be a smooth, projective, irreducible fc-curve. We divide the points of 
into four groups using the description above. For a point x :— (x, fi) G C", let 
TL{x) denote the completion of the residue field k{x) for the valuation 77. Let i(x) 

denote the trancendence degree of the residue field H(x) over fc and d{x.) the rank 
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of the group |?^(x)* |. Abhyankar's inequality implies that t{x.) + d{x.) < 1. 
This allows us to classify points. We call x a type I point if it is a fc-point of the 
curve. In which case, both t(x) and d(x) will be zero. If t{x) = 1, then d{x.) — 
and we will say that such a point is of type II. If d{x) = 1 then t(x) — 0, and we 
will say that such a point is of type III. Lastly, if i(x) — d{x.) — 0, and x is not a 
fc-point of the curve, we will say that x is of type IV. 

The fact that C is smooth, projective and irreducible implies that the analytifi- 
cation C^" is Hausdorff, compact and pathwise connected. As an example we will 
describe the analytification of the projective line P^;™. 

2.2. p^'""- The analytification of the projective fine over fc. 

2.2.1. Types of points: The set of type I points are the fc-points P^(fc) of the pro- 
jective line. The type II, III and IV points are of the form {(, /i) where C is the 
generic point of and /i is a multiplicative norm on the function field k{T'\) which 
extends the valuation on the field fc. The field fc(Pfc) is of the form k{T). Hence 
describing the set of points of P^'"" \ ^kik) is equivalent to decribing the set of 
multiplicative norms on the function field fc(T) which extend the valuation on fc. 
Let a £ IPfc(^) be a fc-point and B{a,r) C fc denote the closed disk around a of 
radius r contained in Pj.(fc). We define a multiplicative norm ria,r on k{T) as fol- 
lows. Let / e k{T). We set |/(?7a,r)| ■— nT'0'Xy^B(a.r)\fiy)\- I* can be checked 
that this is a multiplicative norm on the function field. If r belongs to [fc*| then 
iCiVa,r) is a type II point. Otherwise (Cj??a,r) defines a type III point. It can 
be shown that every type II and type III point is of this form. A type IV point 
corresponds to a decreasing sequence of closed disks with empty intersection. Let 
J be a directed index set and for every j € J, B{aj,rj) be a closed disk around 
Oj G fc of radius Vj such that f]j^j B{aj ,rj) — 0. Let (£ :— {B{aj,rj)\j E J}. We 
define a multiplicative norm 772 on the function field as follows. For / G k{T), let 
\f{jl&)\ ■= i'^f3ej{''^'^^v£B[aj.rj)\f{y)\}- Thc sct of multiplicative norms on fc(T) 
defined in this manner corresponds to the set of type IV points in P^,'°". 

It is standard practice to describe the points of A^'"" as the collection of mul- 
tiplicative seminorms on the algebra fc[T] which extend the valuation of the field 
fc. As a set P^;"" = A^,'"" U {00} where 00 € P^(fc) is the complement of the affine 
subspace Spec(fc[T]) C Pj;.. 

2.2.2. The Berkovich Closed and Open disks/Open and Closed annuli. Thc topo- 
logical space P^'"" is compact, simply connected and HausdorflF. We now proceed 
to describe certain subspaces of A^'°" C P^'"". Let a G fc. The Berkovich open bah 
around a of radius r is denoted 0(a, r) and defined by the following equation 

0(a,r) ■.= {peAm\iT-a)ip)\<r}. 

Similarly, the Berkovich closed disk around a of radius r is denoted B(a,r) and 
defined by the following equation 

B(a,r) ■.= {peAm\iT~a)ip)\<r}. 

Infact B(a,r) is the set of bounded, multiplicative semi-norms on the affinoid 
algebra k{r~^T} which extends the valuation on the field fc. Hence, we have 
B(a,r) = 7W(fc{r-i(T - a)}) (1.4.4, [B]) where M{k{r-^{T - a)}) denotes the 
spectrum of the Banach algebra k{r~^{T — a)}. The spectrum of a Banach alge- 
bra and the concept of an affinoid algebra are discussed in detail in (1, [B]). The 
collection of open sets which are either Berkovich open disks or the complement of 
a Berkovich closed disk forms an open pre-basis for thc topology on P^'°". 
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The punctured open disk around a of radius r is the space 0(a, r) \ {a}. We 
now define the open and closed annulus. An open annulus ^(a;r, is of the 
form {x e Aj.'''"|r < \{T — a){x)\ < R} where r < R are a pair of positive real 
numbers. Similarly, A{a] r, R) is a closed annulus if it is of the form {x G A^'""|r < 
I (T — a) {x) I < R} for any pair of positive real numbers r < R. The closed annulus 
A{a; r, R) is the spectrum of the affinoid algebra k{R~^T, rT~^}. 

The skeleton of an open annulus or a punctured Berkovich open disk will be of 
use when we associate to the semi-stable vertex set of a smooth, projective curve, 
a closed subspace of the analytification of the curve which has the structure of 
a connected, finite metric graph and onto which the analytification of the curve 
retracts. The skeleton of the open annulus A{a;r, R)~ is the set {ria,t\''' < t < 
R} (cf. 2.2.1) equipped with the induced topology. It is denoted Sj[(^a:r,R)- ■ The 
map 

^ {log{r),log{R)) 
Va,t 1-^ log{t) 

is a homeomorphism onto the real interval {log{r), log{R)) and we identify Sj((^a;r,R)- 
with {log{r),log{R)) using this homeomorphism. Similarly, the skeleton of the 
punctured Berkovich open disk 0(a, r)\{a} is the set of points {?7a,t|0 < t < r} 
provided with the induced topology. It is denoted So(a,r)-^a- The map 

So(a,r)-^a ^ {-oo, log{r)) 
Va.t ^ log{t) 

is a homeomorphism and we use it to identify So(a,r)-^a with the real interval 
{-oo, log{r)). 

2.3. Semi-stable vertex sets. We introduce the notion of a semi-stable vertex 
set of a smooth, projective curve and the skeleton associated to it. What follows 
in this section is a restatement of (4.4, |AB] ) . 

Let C be a smooth, projective, irreducible curve defined over the field k and 
be its analytification. 

Definition 2.2. A semi-stable vertex set 2J for C^'^ is a finite collection of points 
of type II such that the complement of this set in C^" decomposes into the disjoint 
union of open subspaces each isomorphic either to a Berkovich open disk or an 
open annulus. Such a decomposition of the space \ 2J is called a semi-stable 
decomposition. 

Definition 2.3. An abstract finite metric graph comprises of the following data: 
A finite set of vertices W, a set of edges E C W x W which is symmetric and a 
function I : E ^ M>o U oo such that if [x, y) € E then l{x, y) — l{y, x). 

The function I is called the length function. We associate a metric space to an 
abstract finite metric graph by the following rule. Any two vertices vi and V2 such 
that {vi,V2) S E are joined by a real interval of length l{vi,V2)- A finite metric 
graph is the space associated as described above to an abstract finite metric graph. 

Definition 2.4. The skeleton associated to a semi-stable vertex set 93 is defined 
to be the union of the skeleta of all open annuli which occur in the semi-stable 
decomposition along with the vertex set 93. It is denoted r(C^",93). 

The space C"^" is pathwise connected. Hence for any two points vi,V2 € 93, there 
exists a path between them. From the nature of the semi-stable decomposition, each 
such path must be the union of a finite number of edges of the skeleton T{C^'^, 93). 
It follows that r(C™, 93) is pathwise connected. The skeleton of every open annulus 
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which occurs in the semi-stable decomposition is equipped with a length function 
(cf. Section 2.2.2). This defines a metric on r(C"'",QJ). We have thus equipped the 
skeleton r(C™, 2T) with the structure of a finite, metric graph. 

The semi-stable reduction theorem guarantees the existence of a semi-stable 
vertex set and any finite set of type II points can be enlarged to become a semi- 
stable vertex set. A theorem of Berkovich says that for a given semi-stable vertex 
set, there exists a deformation retraction of onto the subspace r(C'^,23). 

Instead of a semi-stable vertex set we will often require the following less restric- 
tive notion. 

Definition 2.5. A weak semi-stable vertex set in C^" is defined to be any finite 
collection of points whose complement in C"'" decomposes into the disjoint union 
of open subspaces of one of the three following types: a Berkovich open disk, an 
open annulus or a punctured Berkovich open disk. 

Let W be the union of a finite number of /c-points and a semi-stable vertex set. 
Then the space C"^" \ 2U decomposes into the disjoint union of open subspaces 
each isomorphic to one of the following: a Berkovich open disk, an open annulus 
or a punctured Berkovich open disk. Hence W is an example of a weak semi-stable 
vertex set. 

Much like before, we define the skeleton r(21J, C™) associated to such a set. Let 
r(2IT, C") be the union of W and the skeleta of every open annulus and punctured 
open disk in the decomposition of C^" \ 32J. The closed subspace r(2U, C^") is 
homeomorphic to a connected, finite metric graph whose length function is not 
necessarily finite. Every edge which is the skeleton of a punctured Berkovich open 
disk can be identified with an interval of the form (— oo,a) for some a e M which 
forces it to be of infinite length. As before, there exists a deformation retraction of 
onto r(2n,C"*'^). 

2.4. The tangent space at a point on C"^". Once again let C be a smooth, 

projective, irreducible ciirvc over the field k. We begin with the notion of the germ 
of a path. A path in C"*" is a continuous function from a real interval J to C". If 
A is a path and the interval has a designated initial point i, then the path is said to 
"start 'from the point A(i). In what follows we will need only finite real intervals, 
that is intervals of the form [a, b], (a, 6], [a, 6) or (a, 6) where a <b are real numbers. 
We adopt the following convention concerning such intervals: a is the initial point 
and b the end point provided they lie in the interval. 

Given an interval [a, b] or [a, b) we define an equivalence relation on the set of all 
paths from [a, b) to C*" as follows. Let A and A' be two paths from [a, b] or [a, b) to 
C™. We set A A' if there exists c G (a, b) such that A|[a_c] = ^\[a <]■ '^^'^ germ of 
a path A is simply the equivalence class A belongs to. We now define the tangent 
space at a point on C™. 

Definition 2.6. Let x e C^". The tangent space at x denoted is the set of 
germs of paths from the interval [0, 1] starting at x. 

Let C" be another smooth, projective, irreducible curve over the field k and 
p : C" C be a finite morphism. If x' G C'^^ is any point then the tangent space 
at x' maps to the tangent space at p{x') in an obvious fashion. Let A : [0, 1] — > C™ 
be a representative of a point on the tangent space &i x' . A germ of the path p o A 
defines an element of the tangent space Tp(^^iy We have thus defined a map 

dpx' -Tx' — >■ Tp(^x>) 
A p o A 
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2.4.1. A description of how the tangent space varies for points of different type: 
Given x £ C", we defined the non-archimedean valued complete field Hix) in 
Section 2.1. The set of elements / G Hix) such that |/(x)| < 1 forms a local 
ring denoted T-L{x)° whose maximal ideal 'H{x)°° is defined by the formula {/ € 
•H(a;)||/(a;)| < 1}. We refer to the quotient n{x)° /n{x)°° as the residue field of 

^{x) and denote it 

If a: is a point of type I or IV then there is exactly one point in the tangent space 
at a;. If x is of type III then there are two distinct paths belonging to the tangent 
space at x. If x is of type II there are infinitely many points in the tangent space at 
x. The residue field T-L{x) is of transcendence degree 1 over the residue field k and 
is hence the function field of a smooth, projective, irreducible curve over k. Let Cx 
denote this fc-curve. We will subsequently write out a canonical bijection between 
the tangent space and the closed points of this curve. 

2.4.2. The Non- Archimedean Poincare-Lelong Theorem. We state the non-archimedean 
Poincare-Lelong theorem which will be used several times in Sections 3 and 4. What 
follows in this subsection is essentially a copy of what happens in a part of ( |BPR) ) . 

Let X G C"'" be a point of type II. If Prin(C) and Prin(C'a;) denote the group of 
principal divisors on the curves C /k and C^/^. respectively then we define a map 

Prin(C) Prin(C'2;) as follows. Let / S k{C) be a rational function on C and c be 
any element in k such that |/(x)| = |c|. This implies that (c^^.f) e H{x)'^. Let f^ 

denote the image of c^^.f in Hix). Although f^ G depends on the choice of 

c G k, the divisor fx defines on Cx is independent of c. Hence we have a well defined 
map Prin(C) Prin(C2;). It can be shown that this map is a homomorphism of 
groups. 

A function F : C"*" ^ R is piecewise linear if for any path A : [a, 6] — ?• C"*" the 
composition F o A : [a, 6] — > M is piecewise linear. If cc is a point of type II or III, 
V G Tx and F : — >■ M is piecewise linear then we define the slope of the function 
F along V as follows. Let A : [0, 1] ^ be a representative of v. We set 

dyF{x) := Lim^^oiF o A)'(e). 

Theorem 2.7. (Non- Archimedean Poincare-Lelong Theorem) Let f € k{C) he a 
non-zero rational function on the curve C and S denote the set of zeros and poles 
of f . Let W he a weak semi-stahle vertex set whose set of k-points is the set S . 
Let r(2n, C"*") he the skeleton associated to W and Ar(2jj,c-) : [0, 1] x C^" ^ C^" 
be the deformation retraction with image r(2If, C"*"). We will use Ae to denote the 
morphism Ar(2iT,c-»)(l, -) : C'''" ^ C''"'- If F := -~log\f \ : C^" \ 5 R. Then we 
have that 

(1) ^^-FoAe. 

(2) F is piecewise linear with integer slopes and F is linear on each edge of 

(3) If x is a type II point of C"^"^ and v is an element of the tangent space Tx, 
then oi(ly{fx) '■— SyF{x) defines a discrete valuation oidy on the k-function 
field k{Cx)- 

(4) IfxC C^'^ is of type II or III then Ev&T^ SyF{x) = 0. 

(5) Let X £ S , c he the ray in r(2IJ, C"*") whose closure in contains x and 
J/ e 21J the other end point of e. If v £ Ty is that element of the tangent 
space Ty for which c is a representative, then 5yF(jj) = ordx{f)- 

2.4.3. An alternate description of the tangent space at a point x of type II. Let 
X e C^'^ be a point of type II. We define the algebraic tangent space at a point of 
type II and show how this notion reconciles nicely with the definition we introduced 
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above. As x is of type II, the residue field ^{x) is of transcendence degree 1 over 
k. Uniquely associated to this ^-function field is a smooth, projective fc-curve. We 
denoted this curve C^- 

Definition 2.8. The algebraic tangent space at x denoted T^'^ is the set of closed 
points of the curve Cx ■ 

We now write out a map B : ^ T^^^. The closed points of the fc-curve Cx 

correspond to multiplicative norms on the field 'H{x). Given a germ Cx G Tx and 

/ e T-Lix) there exists a £f e 'H(x) such that |.9(.t)| = 1 and g = f. Let B{ex){f) 
be the slope of the function —log\g\ along the germ Cx directed outwards. By the 
Non- Archimedean Poincare-Lelong Theorem the map B is a well defined bijection. 

Let C be a smooth, projective, irreducible curve over the field k and p a finite 
morphism p : C ^ C. If x' is a preimage of the point x then it must be of type 
II as well. The inclusion of non-archimedean valued complete fields 'H{x) ^'H{x') 

induces an extension of fc- function fields Hix) ^ 'H(x'). This defines a morphism 
dp'^F : T^}^ T^'s between the algebraic tangent space at x' and the algebraic 
tangent space at x. Recall that we have in addition a map dpx' ■ Tx' Tx. These 
maps are compatible in the sense that the following diagram is commutative. 




3. Constructing a pair of compatible deformation retractions 

Let C and C be smooth, projective curves over the field k and (p : C ^ 
C be a finite morphism between the curves such that the extension of function 
fields k{C) k{C') is separable of degree n. In this section we will construct a 
compatible pair of deformation retractions 

ijj : [0, 1] X C^"" C"'" 

and 

tp' : [0, 1] X C"*° C"*" 

whose images Tc/an c C"^" and Tcan c C"*" are closed subspaces of C"^'^ and 
respectively each with the structure of a connected, finite metric graph. Further- 
more, the skelcta obtained arc such that there exists weak semi-stable vertex sets 
21' C C"^" and 21 C C"^"^ such that Tc^n = r(2l', C"^'^) and Tc» = r(2l, C"^"). 

As discussed in the introduction ^ and ip' will be compatible if the following 
diagram is commutative: 
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[0, 1] X C' 



-C" 



id X (j)'^ 



[0, 1] X C"^ 



When C = and (p is a finite, separable morphism C" — > F^, Hrushovski and 
Loeser have constructed a compatible pair of deformation retractions for the spaces 
C and onto F-internal subspaces in (Section?, |HL) ) . A F-internal subset of (7 is 
similar to a finite, metric graph and C is much alike the Berkovich space C"^". The 
construction of a compatible pair of deformation retractions which we will discuss 
in this section adapts the strategy outlined in (Section 7, |HL) ) . 

Firstly, (p induces a finite, surjective morphism between the respective analyti- 
fications of the curve which can be described as follows. If z G C"^" \ C!'{k) then 
z corresponds to a multiplicative semi-norm on the function field k{C'). The re- 
striction of z to k{C) defines the point (/)™(z). Alternately, if z S \ C{k) then 
z corresponds to a multiplicative norm on the function field kiC). The set of mul- 
tiplicative norms on the function field k{C') which extend the norm z on k{C) is 
precisely the set of preimages of the point z, that is {(0™)~^(z)}. 

Let be the finite set of /c-points of C over which the morphism </> is ramified 
and 9J be a semi-stable vertex set. If 2IT := 03 U then 21J is a weak semi-stable 
vertex set and as discussed in 2.3, there exists a connnected, finite metric graph 
F(2IT, C") with a deformation retraction 

Ar(2»,c») : [0, 1] x C^" ^ C^" 

whose image is F(2n, C"). 

Let p e C"^". There exists a path A^jn : [0, 1] C™ starting from p and 
ending at a point belonging to F(*2U, C™), namely the path given by \y(w C"') 
Ar(iHi,c-")(i,p) for t e [0, 1]. 

Let y e C{k) be a closed point (j)^^{y) = {y'l, y^j} be the set of preimages of y. 
We ask the following question motivated by our desire to construct a deformation 
retraction which 'lifts 'a part of ^p^^ C'^")' ^'^^ '^^^ ^^-^ portion of the path 
starting from y to a set of paths starting from each of the yj and if this is so, then 
what would be the maximum possible portion ? Since the points over which the 
morphism (j) is ramified bleongs to the set 21J wc restrict our attention to only those 
/c-points over which the morphism unramified. Though it is intuitively clear what 
we mean by the lift of a path, we provide a definition. 

Definition 3.1. Let a < 6 be real numbers and u : [a,b] — > C^" be a continuous 
function. A lift of the path u is a path u' : [a, b] C'^'^ such that u — cpou'. 

By (Lemma 7.4.1, [HL ), for any j there exists open neighbourhoods Ny. and 
A^j, around yj and y respectively such that the morphism (j) restricted to Ny- is 
a homeoniorphism of A^^^. onto Ny. Consequently, there exists a t S (0, 1] such 
that Apjtjjj (7an)|jg lifts uniquely to a path in C"^" starting from yj and terminating 

at some pre-image of ^y{w c-^)^^^' answer the second part of the question 
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we introduce the notion of a forward branching point associated to a deformation 
retraction motivated by Definition 7.5.2 in HL . 

3.1. Forward Branching points. We continue our discussion in the context of 
the curves C and C" with the morphism (f) : C ^ C . Let *B be a weak semi-stable 
vertex set for the space C"*". As discussed in 2.3, associated to this finite set is the 
skeleton r(*B,C™) and a deformation retraction Ar(iB,c='n) of the space C™ onto 
r(*B,C^") . We define a forward branching point for the retraction Ar(s,c'>") and 
the morphism (f> as follows. 

Definition 3.2. Let q e C""" and z e be a point of type I or IV, such that 
G A^(,g_p,„)([0,l]) and ^'^"(g) ^ r(<B,C"^"). Let r G [0,1] be that real 
number for which (j){q) — Ap^^^ (7an-)(7'). Then q G is a forward branching point 
for the pair (0, Ar(i8,c='")) if foi' every e G (r, 1], there exists atleast two distinct 
lifts of the path Ap(^^ C"")!! j starting from q. 

The definition above is independent of our choice of the point z. This follows 
from the fact that Ar(f8.C''") is well defined and if zi and Z2 are points of either 
type I or IV such that there exists real numbers r^j^ and r^^ belonging to [0, 1] 
for which A^^(25^^„)(r,J = \r\<s.c^«)(''^2) then Xr{<s,C^-)i[,^^^^ " ^r(<B,c»)|[,^^,i]- 
Furthermore, the r^^ can be chosen so that they are minimal for this condition. We 
now show that the number of forward branching points is finite. 

Proposition 3.3. The number of forward branching points for the pair {(p, Ar(!B,C''")) 
in is finite. 

Proof. We first show that it suffices to prove the proposition when C ~ P^, and 
03 = {r]o,i}. In this case the image of the deformation retraction X-r(fB.c^") will be 
the single point ?7o,i. 

Lemma 3.4. Suppose that the smooth projective curve C defined over k is such 
that for every finite morphism a : C" — > the number of forward branching points 
for the pair (a, Ap^^^ ^ pi.an^) in C*""' is finite. Then the number of forward branching 
points for the pair {<f>, Ar(i8,c™)) (7'^" is finite. 

Proof. Let /? : C — > P[. be a finite morphism. We apply the hypotheses to the mor- 
phism a := /3 o (j). We claim that barring a finite number, every forward branching 
point for (</), Ar(<B.C''")) ii^ C"'" is a forward branching point for (a, Ap^^^^ ^ pi.^")) in 

Let q' G C"*" be such that a^'^{q') ^ ?7o.i and is a forward branching point 
for (0, Ar(2i,C""))- Let q :— (j)^'^{q'). For suitably small r, the number of lifts of the 
path Ap^^^ ^ pi,an^(_, a''"((7')) : [0,r] — >• p^'™ which start at q' for the morphism a™ 
is equal to the product of the number of lifts of the path Apj-,^^ ^ pi,anj(_, (j>^'^{q')) : 
[0, r] —5- pj,'^" which start at q for the morphism /3^" and the number of lifts of the 
path Ar(2},c'"') (-i ?) • [0^ '^l ^ C'™ which start at q' for the morphism (/)™. The claim 
made above follows from this observation and hence the proof of the lemma. □ 

We now prove the proposition for a pair (a, Ap^^^ ^ pi "")) where a : C" Pj, is a 

finite morphism. By Section 2.2, outside the point oo every point of P^'*" which is 
not of type IV corresponds uniquely to a closed ball contained in k or an element of 
the field k. For the time being we allow for closed balls of radius 0. Let 6 be a closed 
ball and n{a, b) be the number of preimages of this closed ball for the morphism 
a™. Observe that if g G C'^'^ is a forward branching point and b :— a™ (5) of radius 
r then there exists a ball b' of radius r' > r such that for every ball b C b* C b' 
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we have that n{a, b) < n{a, b*). The proposition now foUows from Lemma 7.5.4 in 
[HL] . □ 

3.2. The Construction of a compatible pair of deformation retractions. 

We now try and answer the second part of the question we had posed at the 
beginning of Section 3. Recall that we used to denote the finite set of fc-points 
of C over which the morphism (p is ramified. Let QJ be a semi-stable vertex set. We 
defined 2n 2J U «H. 

Proposition 3.5. Let y G C{k) be a closed point and y' be one of its pre-images 
for the morphism (j). Let ty denote the smallest real number in the interval [0, 1] 
such that there exists a forward branching point p' G C"*" for which (j){p') = 
Apj2jj pan-)(^j,). Then Ap^^jj panju^ ^ J admits a unique lift starting at y' . 

Proof. We divide the proof of the proposition into two parts. The weak semi-stable 
vertex set W contains the finite set of fc-points of C over which the morphism (f> 
is ramified. Hence we need only prove the proposition when y G C(fc) is a closed 
point over which the morphism is unramified. We begin by showing that the path 
A^/ivn admits atleast one lift starting at v' ■ 

Existence : The collection of points a G [0,1] for which there exists a lift of the 
path Ap^gjj c^")^[Q ] ^® ^ closed subspace of [0, 1]. It follows that this collection ad- 
mits a supremum. Let ay' denote the largest real number belonging to the interval 
[0,ty] such that there exists a lift of the path ^y{w C^") starting from y'. 

Since (p is etale over the point y, there exists a portion of the path Ap^^jj (701,)^^ ^ j 

which can be lifted. This implies that ayi must be greater than zero. Arguing 
by contradiction, we will show that Oyi = ty. Let Oyi be strictly less than ty and 
q' G C^'^ be a pre-image of ^y{w c^")^^v'^ ^'^'^^ there exists a path starting 
from y' and ending at q' which is a lift of the path ^^iw C'^")^^q y T^i^^ points 

q' G and (t){q') G correspond to multiplicative norms on the function 

fields fc(C") and k{C) respectively. This induces an inclusion of the function fields 

'H{(j){q')) ^ 'H{q'). It follows that the morphism (j) induces a surjective morphism 
between the algebraic tangent spaces (cf. Definition 2.8) at q' and (^{q'). Since 
there is a canonical bijection between the geometric tangent space (cf. Defintion 
2.6) and the algebraic tangent space at a type II point, there exists a lift of the path 
r-an^ for suitably small e. The fact that q' is not a forward branching 

point for Ar(2ri,C") implies that this lift is unique. Gluing this lift with the lift of 
the path Awmi implies a contradiction. 

f r(2B,C-")|[o^Q^,] ^ 

Uniqueness : We now show that there can be at most one lift of the path Ap™ 

Let A'l and An be two lifts of the path Awrm ^an\ ■ Let a' be the largest real 

number in the interval [Q,ty\ such that ^'i\^q a'] ^ '^2|[o a']- need to show that a' 
is equal to ty. Assume for arguments sake that this is not true. By our choice of a' 
we have that X'i{a') = X'2{a'). From our definition of the real number ty, there exists 
a unique lift of the path Ap^^jj fjanju , ,^ j for suitably small e starting from A^(a'). 

This implies that A'j^j^Q q/^j-) — -^2|(o a'+e) '^hieh gives us our contradiction. □ 

Observe that every point p G C^^ which is of type II or III lies on a path of the 
form ''^r(2j( (7a„')|jjj where y is an unramified closed point. As a corollary to the 
above proposition we have: 

Corollary 3.6. Let p G C^" be a point which is not of type IV and p' be one of 

its pre-images for the morphism (p. Let tp denote the smallest real number in the 
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interval [0, 1] such that there exists a forward branching point p' € C"'" for which 
(j)^^{p') = Ap(2jf (^an)(ip)- Then -^^an c«'")|[q ^ j admits a unique lift starting atp'. 

We are now in a position to prove the existence of a pair of compatible defor- 
mation retractions. Recall that QJ is a semi-stable vertex set for C^". Let F C C^" 
denote the union of the set of images of the forward branching points for the de- 
formation retraction Ar(Qj,c='n) and the set of fc-points over which the morphism 
is ramified. Let QJg be a weak semi-stable vertex set containing QJ U i^. Note that 
r(2J,C"^") c r(2Jo,C"^") and 

(•^r(2Jo,c='"))|c»"\r(ajo,c='") = (•Ar(<xj,c'>"))jC"'"\r(9Jo,C''")- 

It follows that the deformation retraction Xr{<X3o,C'^'^) does not have any forward 
branching points. Extending our discussion above, we can define a deformation re- 
traction of onto (/)~^(r(2Jo, C™)) which is compatible with )^r(Vo.C'-^'^)- How- 
ever, our stated goal was to construct a pair of compatible deformation retrac- 
tions whose images are connected, finite graphs which in addition are of the form 
r(2l', C"^") and r(2l, C"^") where 21 and 21' are weak semi-stable vertex sets con- 
tained in and C^" respectively. 

This can be accomplished by enlarging the finite graph r(QJojC'^") suitably so 
that its pre-image for the morphism cp becomes path connected. 

Proposition 3.7. Let (f> : C ^ C he a finite m,orphism, such that the extension 
of function fields k{C) ^ k{C') is separable. There exists a pair of compatible 
definable retractions tp : [0, 1] x C"*" and ip' : [0, 1] x C"'" C"'" such that 

their images are connected, finite graphs associated to weak semi-stable vertex sets. 

Proof. Wc proceed as outlined above by first constructing the compatible pair 
of deformation retractions Ar(<Uo,c»") and A' whose images are r(93o,C") and 
r'(C^") := (f)-^{r{mo,C'"^))- We then enlarge r(5Jo,C"'") suitably so that it re- 
mains a finite graph and the pre-image of the enlarged graph for the morphism (f> is 
pathwise connected. We call this larger graph Tc^n . There then exists a compatible 
pair of deformation retractions V : [0, 1] x C"^" C"*"^ and ip' : [0, 1] x C"*"^ C"*" 
whose images are the connected, finite graphs Tcan and (/)~^(T(7an) respectively. 

Let q' G C"^". Let t^^g,) S [0, 1] be such that Ar(ajo,c«-)(a, (/>(g'))nr(QJo, C"''') = 
for every < a < t^(^q,) and Ar(3jo,c-)(i0(g'). e r(QJo,C^"). By Corollary 

3.4, there exists a unique lift of the path Ar(fOo.c»")(— j 4'{'l'))\[o,t^^^,-^] starting at the 
point q' . Let this unique lift be called A'^ . More precisely, A'^ is the unique contin- 
uous function from [0, to C"*" such that (fioX'i = Ar((iJo,C'»")(— > ^^(</'))|[o t , ]• 
We define A' : [0, 1] x C"^" as follows. For < o < we 'set 
\'{a,q') := A'?' (a) and for a e {t^{q'),l\ let X'{a,q') := \"i{t^(q,)). The map A' 
is a deformation retraction of C"^" and is compatible with the deformation retrac- 
tion Ar(ajo,C'">)- Observe that since the morphism (j) is finite, 0^^(r(9Jo7 C"^")) is 
also homeomorphic to a finite graph. 

Let 21' be a weak-semi stable vertex set contained in C"^" with the following 
properties. 

(1) 21' = (.?i''")-i(?!.'*"(2l')). 

(2) The finite graph r(2l', C"*") contains (/>-i(r(QJo, C"*")) and is pathwise con- 
nected. 

The image 0'''^(r(2t', C"™)) contains r(2Jo,C"^'') and hence there exists a weak 
semi-stable vertex set 21 C C*" containing 2Jo such that 

.^*"(r(2i',(7'*")) = r(2i,(7*") 

and r(2l, C*") is pathwise connected. 
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Let Tea- := r(2l, C^'^). There exists a canonical deformation retraction ijj : 
[0,1] X C"*" — !> C^'^ with image Tcan. One need only imitate the construction of 
the deformation retraction A' given Ar(ajo,c='") to obtain ?/;' : [0, 1] x C"'" — >■ C™ 
such that the pair ip and ip' are compatible. Our choice of 21' will imply that 
r(2l', C"'") = (0^'^)-i(Tcan). We set Tc- r(2t', C"^"). Hence the proof. □ 

We assumed that the morphism : C" — ?► C is such that the extension of function 
fields fc(C) ^ k{C') is only separable. For the following proposition we assume that 
the extension is in addition Galois. Let G :— Gal(fc(C")/fc(C)). We will require the 
following proposition in Section 4. 

Proposition 3.8. If a ^ G then 

■0' O {id^Q i] X (t) = (7 o ijj' . 

Proof. Every element of the Galois group induces a homeomorphism of C"^" onto 
itself. Let p' G C™ be a point which is not of type IV and p := The 
paths ip'{-,a{p')) and cr o ?/;'(_, p') are lifts of the path ip{-,p) starting from cr(p')- 
By Corollary 3.5, tp' (-,a{p')) — a oip' (_,p') Note that it is sufficient to have verified 
the statement for points of type I, II and III and we conclude our proof. □ 

4. Calculating the genus of the graph Tc-n 

We begin by expicitly describing a vertex set and a set of edges for the skeleta 
Tc""i and Tc--'^- We will denote the sets of vertices V{Tc'-'') and l/(Tc"»n) and 
the sets of edges E{Tc--'^) and E{Tc'-'^) respectively. We will require that the two 
vertex sets satisfy the following conditions. 

(1) y(Tc-) = (0-)-l(l^(Tcan)). 

(2) From the construction in the previous section, there exists weak semi-stable 
vertex sets 2t c C^" and 21' c C"^" such that Tc-n = r(2t, C^") and 
Tc- = r(2l', C"^"). We wiU require that 21 C ^(Tc-) and 21' C V{Tc"^n). 

(3) If p {p') is a point on the sekeleta Tc^n (Tc/an) for which there exists 
a sufficiently smaU open neighbourhood U C [U' C Tc"-) such 
that U \ {p} {V \ {p'}) has atleast three connected components then 

pey(Tcan) (p'e^(Tc-)). 

It can be shown easily that a pair (^/(Tcan), l/(Tc"an)) satisfying the properties 
described does indeed exist. Having defined the vertex sets y(Tcan) and y(Tc/an) 
the set of edges for the skeleton Tc"«i (Tc'an) will be the collection of all paths 
contained in Tc-an (Tc"an) connecting any two vertices. Since Tc-an (Tc/an) is the 
skeleton associated to a weak semi-stable vertex set, the edges of the skeleton are 
identified with real intervals. This defines a length function on the set of edges. 

The genus of the skeleton T^an, (Tc'a„) is given by the formula 1 — F(Tcan) -|- 
i?(Tcan), (1 — l/(Tc'an)+iJ(Tc'an)). It Is indcpendeut of the choice of the respective 
vertex set and the set of edges. We use (?(Tcan), {g{Tc"^^)) to denote the genus of 

Tcan, (TC-). 

For any point of type II, let gp denote the genus of the residue field T-L(j>) and if 
p is not of type II then we set = {). The genus formula (4.5, |AB| ) implies that 

(4) 5(C)=5(Tcan) + Epg,,(x^,„)5p. 

Employing the same reasoning as above we obtain a corresponding formula for 
the curve C". 



(5) 



9iC') = .glTfc'-O + Sp'ei/(Tc,a„)5p' 
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The morphism : C" — ?> C is a finite separable morphism between smooth, 
projective curves. The Riemann-Hurwitz formula (Corollary IV. 2. 4, [H^) enables 
us to relate the genera of the curves C" and C. Precisely, 

(6) 2g{C')~2^degm2g{C)-2)+R 

where i? is a divisor on the curve C such that if (j) is tamely ramified at x' G C 
then ordx'(-R) — ram(a;',x) — 1. Using equations (4), (5) and (6) above, we obtain 
the following formula relating the genera of the skeleta ^(Tcan) and (7(Tc/a„). 

25(Tc-n) - 2 + 2(Sp,ev'(T^,.„)5p') = deg{^){2g{i: c-.^) - 2)+ 

deg((/))(2Epgy(Xca„)gj9) + R 

In the above equation the only vertices in F(Tc">n) and y(Tc"»») for which 
the genera gp or gpi are not necessarily zero are those of type II. Hence we may 
restrict our attention to those vertices of type II. If p' G y(Tc'an) then = p. 

The point p £ C^"^ corresponds to a multiplicative norm on the function field 
k{C) and the collection of norms on fc(C") which extend p are precisely the set of 
preimages The extension of non-archimedean valued complete fields 

Hip) ^ T~L{p') induces an extension of fc-function fields ^ T~i{p'). The k- 

function fields 'H{p) and Hip') both correspond to smooth projective k curves which 
we denote by Cp and C'p' respectively. If the morphism C'pi — ^ Cp was separable 
then the Riemann-Hurwitz formula relates the numbers gpi and gp. 

Let I{p',p) denote the subfield of T-L{p') which contains T-L{p) such that I{p',p) 

is purely inseparable over H{p) of degree i{p) and I{p',p) ^ ^(p) is a separable 
field extension of degree i{p'). The function field I{p',p) corresponds to a smooth 
projective fc-curve which is homeomorphic to Cp. We denote this curve W{p',p). 

Since I{p' ,p) is purely inseparable over the function field 'H{p) the genus of the curve 
W{p',p) is equal to gp. Applying the Riemann-Hurwitz formula to the extension 

I{p'tP) ^ T~^{p') ^-nd substituting in the equation above gives 

2g(Tc'a„) - 2 = deg{cp).{2g{Tc:r.) - 2) + ^p^v(Tc^.)Ap{2gp - 2)+ 

Spey(Tcan)2(np -1- deg{4))) + R + Y.p>^v{Tc,.n)Rp' ■ 

The constant Ap is defined to be T,p, ^(^^B,a-^-i (^pji(p') + deglcj)) . The number of preim- 
ages of a point p G C^^ for the morphism (j)'^^ is denoted np. The ramification divisor 

associated to the Riemann-Hurwitz formula for the field extension I{p' ,p) ^ T~L{p') 
is denoted Rpi . 

In what follows in the rest of this section we will study the constants arising in 
this formula. Notably the numbers i{p') and the local ramification divisors Rp' . In 
the next section we study the variable Up under the additional hypothesis that the 
extension of function fields k{C) ^ k{C') is Galois. 

4.1. Calculating i{p') and the defect. Let M be a non-archimedean valued field 
with valuation v. Let vM denote the value group and Mv denote the residue field. 
Let M' be a finite extension of the field M such that the valuation v extends 
uniquely to M' . By Ostrowski's lemma we have the following equality. 

[M' : M] = (vM' : vM)[M'v : MvY 

Here p is the characteristic of the residue field if it is positive and one otherwise. 
The value d{M',M) := p^ is called the defect of the extension. If r = then we 
call the extension M' /M defectless. 

We now relate this definition to the situation we are dealing with. Let p be 
a point of type II belonging to and p' G Since the field k is 
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algebraically closed non-archimedean valued and the points p and p' are of type II, 
the value group of the fields ^.{p) and 'H(p') remain the same. We hence have the 
following equality 

[n{p') : H{p)] = W) ■■ n{^)]-d{p',p) 

We now show the following. 

Lemma 4.1. Let p e and p' £ (p) ■ The extension %{p) M- H{p') is 

defectless. That is the defect d{p',p) = 1. 

Proof. We will make use of the Poincare-Lelong theorem and our construction in 
Section 3 of the pair of compatible deformation retractions ip and ip'- Let r € 

[0,1] be the smallest real number such that p G ip{r,C^'^). Since the deformation 
retractions are compatible it follows that if p' € then p' € tp'{r, C"^'^). 

Let X G C{k) be such that tp{r, x) = p. Let e^ denote the path ?/)(_, a;) : [0, r] — >■ 
C™. Hence e^ belongs to the tangent space Tp at the point p. Let be a uni- 
formisant of the local ring Oc.x such that t^ip) = 1 and t^ - the image of t^ in 

the residue field TLip) is a uniformisant at the point in Hij)). In addition we 
choose tx so that it has no zeros or poles at any fc-point y for which the path 
ip{-,y) : [0,t] C^'^ coincides with e^ in the tangent space. Such a choice is 
possible by the semi-stable decomposition associated to the skeleton Tcan. Let t'^ 
denote the image of the t^ in the function field k{C'). Our choice of tx implies that 
for every p' e \t'Ap')\ = 1- 

The inclusion Hip) ^ "H{p') induces an inclusion of A:-function fields 1-L{p) ^ 
'H(p'). We call Cp and C'p, the smooth projective curves associated to these function 
fields. The path introduced above is a fc-point of the curve Cp. Let E{x,p') 
denote the set of preimagcs of this point on the curve C^, . 

Let S := {x'l, ...xj,} denote the preimages of the point x and ram(a;',a;) denote 
the ramification index of the morphism (f> at the point x'^ . Since the skeleton Tcan 
contains the set of /c-points over which the morphism is ramified, we have that 
ram(a;^,a;) = 1 for all i. 

The set of paths a;-) : [0,r] C™} coincides with the set E{ex) := 

Up/g(^an)-i(p')£J(ea;,p'). Our choice of t^ implies that t'^ cannot have a zero or pole 
at any point y' £ C'{k) for which V/(_,2/') : [0,r] -> C"'" € E{ex) and y' ^ 

Let p' e and e' G E{ex,p'). Let Se',p' be the collection of those x' e S 

such that tp'{r,x') — p' and ^/;'(_, x') : [0,r] — >■ C^"^ = e'. The non-archimdean 
Poincare-Lelong theorem implies that 

S,,i~\logit'xmp') = S,,e5,,,,,ram(a;',,x) = USe',p'). 

The second equality follows from the fact that ram(.T',x) = 1. Furthermore, 

6e'Hiog{m(p')^ordAi'x)- 

Since Se'£i;(e^,p')Orde' (t'l;) = [^{p') : ^(p)], it follows that 

Sj,/g(^an)-i(j,)[^(p') : nip)] = Sa;/esram(a;',a;) = i:e',p4{Se',p')- 
Hence we have that 

As the field k is algebraically closed, the expression on the right is equal to the 
degree of the morphism (p and wc have that 

Sp,e(^a„)-i(p)[7^(p') : nip)] = ^p'e(4>--)-^(p)[^{p') ■ ^(p)]- 
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Thus showing that for every p' G ((/>'^") ^{p), the extension "Hip) ^ T^{p') is de- 
fectless. □ 

Let p e be a point of type II and p' e We now study_^e 

separable and inseparable degree of the extension of fc-function fields Hip) M- Hip'). 

Let r G [0, 1] be such that p G tjj{r, C™). Let be an equivalence relation on the 
set Qp := {x' G C'{k)\^'{r, x') = p'} defined as follows. We set x'l ~j x'2 if and only 
if = 0(a;^) and the paths V'(-,a;') : [0,r] -s- C"^" and ^'(-,a;') : [0,r] C"^" 

coincide as elements of the tangent space Tpi at p' . We denote the equivalence class 
of an element x' G Rp by [x']j and its cardinality tl[2;']j- 

Proposition 4.2. Let j(p) = m\nx'eRp{'i[x'\j}- The number j{p) is the degree of 
inseparability of the extension 'H{p) ^ T^ip'), that is j{p) = i{p). In particular 

i{p') = [n{p'):nip)]/jip). 

Proof. Let Cp and C'^, denote the smooth projective curves corresponding to the 

function fields H{p) and H{p') respectively. For a point e € Cp let Se denote the 
uniformisant of the local ring Og^ . The degree of inseparability of the extension 

H(p')/n(p) is equal to min^^^, ,^,^^j{orde'(se)}. 

Let X G C{k) such that ip{r,x) = p. Since TpBi, contains every /c-point over 
which the morphism (j) is ramified, 4> is unramified over x. Let ex G Cp correspond 
to the path x) : [0, r] — >■ C™. Let tx be a uniformisant of x such that |ix(p)| = 1 
and it does not have any zeros or poles at any y for which ■)/'(-, y) '■ [0, r] C™ = ex- 
it follows that the image of in the field Hip) is a uniformisant at the point Bx- 
Let e' G Cp, which maps to and y' G C'{k) such that the path tp'{-, y') : [0, r] — >• 
(j/a.n cQincidcs with e' in Tpi . 

By the Non-archimedean Poincare-Lelong Theorem, the order of vanishing of 
the uniformisant ix at e' is equal to the cardinality of the equivalence class [y]j. 
The equality j{p) = miiix' ^Rp{i[x']j} follows by taking into account the fact stated 
initially and the equality i{p') = [H{p') : H{p)]/j{p) follows from the Lemma 4.1. 

□ 

4.2. Calculating the ramification divisors Rpi. The ramification divisor Rp^ is 
defined as follows. As mentioned several times before, the morphism restricts 
to a surjectivc morphism between the skclcta Tc'an and Tcan. Our choice of vertex 
sets y(Tc'a,n) and y(Tc""i) was such that 

y(Tc-) = (0^")-i(y(Tc.„)). 

Let p G y(Tc'an) and p' G {<f>^'^)^^(p). The morphism (f>^'^ induces an extension 

of A:-function fields 'H(p) ^ 'H(p'). Let Cp and C'p' denote the smooth projective 
fc-curves associated to these function fields. 

In the introduction of this section we decomposed the extension of fc-function 

fields as follows. Let I(p' ,p) denote the subfield of T-L{p') which contains T-L{p) such 

that I{p',p) is purely inseparable over ^{{p) of degree i{p) and I{p,p') ^ 'H(p) is a 
separable field extension of degree i{p'). The function field I{p',p) corresponds to 
a smooth projective fc-curve which is homeomorphic to Cp. We denote this curve 
Wp',p. 

The divisor Rp' is the ramification divisor on the curve Cp' associated to the 
Riemann-Hurwitz formula for the finite separable fc-morphism C'^, — > Wp'^p. It 
is defined as follows. Let u' G Cp, and u G Wp/^p be such that u' u and 



A RIEMANN-HURWITZ FORMULA FOR SKELETA IN NON-ARCHIMEDEAN GEOMETRY19 



Or ,,nOw , u be the local rings at the points u' and u respectively. The cod- 
ifferent associated to the inclusion of local rings Ow^, p,u ^ Oq ^ ^, is denoted 
D{Oq ,^„',Owp/ p,m) and defined as follows. 

The divisor Rpi is such that 

ord„/ iip' := -ord„/(£)(0(5^,_„,,Ow'^,^,„)). 

Our goal in this subsection is to study the divisor Rpi using the compatible pair 
of deformation retractions tp' and tp constructed in section 3. We begin by using the 
deformation retractions tp' and tp constructed previously to study the local rings 
Oc^,^u' and Ow^,^^,u. Let fc(C')°, := {g G k{C')Mp')\ < 1} and k{C%? := {g e 
k{C')\\g{p')\ < 1}. We have the following equality 

W = k{CX'/k{CX?. 

Similarly, 

7m = k{c)i/k{cr;. 

Let TT denote the canonical surjections k{C')p, 'H{p') and k{C)° — >• 'H{p). Let 

:= {x G C'{k)\xP'{.,x') : [0, 1] ^ C"^" = u') 

and 

:= {x G C{k)\ip{., x) : [0, 1] ^ C^" = m}. 
We now prove the following. 
Lemma 4.3. 

and 

^((nx'eA„,Oc,.');') = Oc^„„'- 

Proof. We will only prove the first equality iriiDxeAuOcx)",) = ^ and it will 
be clear that the same argument can be used to prove the second. The skclcta 
Tc-an is such that the open subspace {q G C"^"]!/"!-, q) '■ [0, 1] C*" = u} \ {p} is 
isomorphic as an analytic space to the Berkovich open unit disk around 0. Using 
this it can be shown that for every point a; G A„, there exists a uniformisant tx of 
the local ring Oc,x such that = 1, tx doesnot have a zero or a pole at any 

point different from X in A.;i (Mid for Siny y\^y2 ^ -^u? 

n{ty^) = ^{ty^). As a result 

the ring {rix£A^Oc,x)p is a principal ideal domain. 

Let w G k{C)° be such that 7r(M;) G Og^^ and is non zero. Let {xi,.,Xm} 
be the finite collection of points in Au on which = orda;^('u;) is non-zero. It 
follows that w is of the form (Ili*?)^' where w' doesnot have a zero or pole at 
any point belonging to A^ and \w'{p)\ = 1. Since tt{w) G Oq by the non- 
archimedean Poincare-Lelong theorem, we must have that Sir^ > 0. It follows 
that TT{t^^'^'u/) = n{w) and n{t^^^'^'^u/) = tt{w). By definition, the element t^'^'^'w' 
belongs to r\x^A^Oc,x- We hence have the inequality Oq^ ^ C TT{{rixeA^Oc,x)p)- 
The inequality Tr{{r\xeA„Oc,x)p) C Og^ „ is a consequence of the Poincare-Lelong 
theorem. Hence the proof. □ 



20 



JOHN WELLIAVEETIL 



The preimage of the codifFerent via the restriction T^\{n^t^A Oc^c'Y, ^'^^ ^ 
{'^x' eA^,Oc.x')pi-'Oiod\\\e. Extending scalars defines a module of the larger ring 
r\x'!^A^^,Oc.x' which we call T(u',u). The module T{u',u) is such that. 

tt{{T{u',u));,) ^ D{Oa^,^^,,Ow^,,^.^.)■ 

When the extension Hip) ^ 'H(p') is separable this ideal can be explicitly de- 
scribed as follows. 

[T{u',u)];, {/? e fc(C')°-|[Tr„(p,)/„(rt(/3(n,,eA„,0c'..')p')] Q (n.eA„Oc,.); mod fc(C)°°} 

Proposition 4.4. The following equality holds 

ovdu' {Rp') = -T.x'eA^,OTdx'T{u',u). 

Proof. The ring Hx'eA^^, Oc.x' is a principal ideal domain as discussed in the proof of 
Lemma 4.3. The Hx'i^a , Oc, a;' -module T(it', u) is hence generated by an element of 
the form (H^'eyi , ^'x'^"')''^ where {t'^,} is the collection of uniformisants associated 
to every point of Au' introduced in the proof of 4.3, r^' is the order of vanishing 
of the ideal at the point x' and w is an element of the ring fc(C)° which does not 
have a zero or pole at any point belonging to A^' ■ A generator of this form is a 
generator of T{u',u)° as well. 

It follows by the non-archimedean Poincare-Lelong theorem, that 

^x'eA^,rx' = ordu'D{0^^^ ^,,Ow^, ^.u) -ord„.(i?p/) 

Hence the proof. □ 

When the morphism C'p' — ^ Wp'^p is tamely ramified at the point u', the order of 
vanishing of the ramification divisor can be calculated in terms of the deformation 
retractions as follows. Using Proposition 4.2 and (Theorem 4.16, [L^) the following 
can be easily demonstrated. 

Proposition 4.5. Let x e C(/c) such that 'tp{l,x) = p. Let r denote the cardinality 
of the set {x' G C'{k)\4>{x') = x and ij{-,x') : [0, 1] C""" = u'}. If the morphism 
C'p' — > Wpi^p is tamely ramified at u' then ovdu'{Rp') — / {i{p))\ — 1- 

5. A SECOND CALCULATION OF THE GENUS g(Tc='n). 

As outlined in the introduction, in this section we introduce the divisor w on 
the skeleta Tcan and relate the degree of this divisor to the genus of the skeleton 
Tc/an. The point of doing so is to study how .g(Tc'an) can be calculated in terms 
of the behaviour of the morphism between the sets of vertices. 

We preserve our choices of vertex sets and edge sets for the two skeleta from 
the previous section. Let p G Tcan and Up denote the number of preimages of p 
under the morphism (j). For any p' G C"*" such that = p, the morphism 4> 

induces a map between the tangent spaces at p' and p (cf. Definition 2.6). Let 
Ep be the set of germs (cf. Section 2.4) for which there exists a representative 
starting from p and contained completely in Tcan. Hence Ep is a subset of the 
tangent space at p. For every p' e (t^^^ip) and ep G Ep, let l{ep,p') denote the 
number of lifts of the germ ep starting from p'. We define w as follows. Let 

Proposition 5.1. The degree of the divisor w is equal to 2g(Tc'a„) — 2. 

Proof. We begin by stating the following fact about connected, finite graphs. Let 
r be homeomorphic to a connected, finite graph and let p G F. Let tp denote 
the number of distinct germs of paths starting at p and contained in F. We set 
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Dt := X]pgr(^p ~ 2).p . Observe that -Dp is a divisor on the finite graph F whose 
degree is equal to 2.gi(r) — 2. 

The connected, finite graphs Tc/an and Tcan are the images of a pair of compati- 
ble deformation retractions. Hence the morphism (ff''^ restricts to a continuous map 
This map induces a homomorphism : Div(Tc"an) ->■ Div(Tcan) 
defined as follows. Wc define only on the generators of the group Div(Tc'Bn). 
If l.p' £ Div(Tc">») then we set = Note that for any divisor 

D' e Div(Tc'a„), deg(.^*(£>')) = deg(£>')- 

We will show that w = 4'*{Dr^,^^). By definition, 

MDr^,.n)ip) = { Yl V)-2.np. 

p'e<)!)-i(p) 

For a point p' € <p~^{p), every germ for which there exists a representative con- 
tained in (Tc/an) and starting from p' is the lift of a germ for which there ex- 
ists a representative starting from p and contained in (Tcan). It follows that 
T,p'e^-i{p)tp' = EepeBp,p'e,^-i(p) Kep>P')- Hence ^*(£)Tca„) = w- 

□ 

5.1. Calculating Up for p e C"*" of type I or II when the extension of 
function fields fc(C) ^ k{C') is Galois. In this section we impose the added 
restriction that the extension of function fields k{C) ^ k{C') associated to the 

morphism (p is Galois. 

Let X e C{k) and x' G C"(fc) such that (f){x') = x. Let ram(a;',x) denote 
the ramification degree associated to the extension of the discrete valuation rings 
Oc,x Oc',x'- Since the morphism (j) is Galois, for x G C{k), the ramification 
degree ram(x',x) is a constant as x' varies along the set of preimages of the point 
X. The ramification degree depends only on the point x S C{k) and we denote it 
ram(a;). As k is algebraically closed we have that 

[k{C') : k{C)] = n^r&m{x) 

where nx is cardinality of the fiber over x. We may hence restrict our attention to 
points of type II. 

If p is a point of type II then let Sp be the smallest real number in the real 

interval [0, 1] such that p belongs to V-'(sp, C™) where tjj is the deformation retraction 
constructed in section 3. Since the pair of deformation retractions constructed in 
section 3 were compatible, we must have that {(p'^'^)~^ (p) C 'tp'{sp,C'^'^). 

We define an equivalence relation '^r(sp) on the set of fc-points of the curve C". 
Let x[,X2 € C'{k). We set x[ ~r(sp) ^'2 if = 4'{^'2) ^^'^ '4^'{sp,x'-y) = tp^Sp^x^)- 
Observe that each equivalence class is finite. For x' £ C'{k), let [a;']r(sp) denote 
that equivalence class containing the point x'. 

Lemma 5.2. If e C'{k) such that (t>{x'i) = ^{x'2) then 

tt[a;'l]r(sp) = tt[4]r(sp)- 

Proof. The lemma is true if x[ ~r(sp) 2^2. Let us hence assume that tp'{sp, x[) = p[ 
and ip'{sp,x'2) = p'2 where p'l and p'2 are two points on C™. Observe that since 
Tc/an and Tca„ are the images of a pair of compatible deformation retractions, 
</,an(p;) = <^*"(p'2). Let p := (p^'^ip'i). The Galois group G := Ga\{k{C')/k{C)) acts 
trasitively on the set of preimages (t)~^{p). Let ct G G be an clement of the Galois 
group such that a{p'-^) = p'2. By proposition 3.7 if a ~r(sp) ^'i^ then <j{a) ~r(sp) x'^- 
As cr is bijective, tt[2^'i]r(sp) < tt[2^2]r(sp)- By symmetry we conclude that the lemma 
is true. □ 
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Let X e C{k) and x' G C'{k) such that <p(x') = x. The lemma above imphes 
that the cardinaUty of the equivalence class [a;']r(sp) depends only on x. Hence we 
set 

Since the extension fc(C) ^ k{C') is Galois, the degree of the field extensions 
[hL(p') : 'H{p)\ remains constant as p' varies along the set of preimages of the point 
p. As this value depends only on p we denote it f{p). 

Proposition 5.3. Let p G Tcan and x G C{k) such that tp{sp,x) = p. We have 
the following equality 

np=[k{C'):k{C)]/rs^{x). 

Proof. Given a point p G C"*", we have that 

[kiC) : kiC)] = npfip) 

Let p' e and x' € C'{k) such that ip'{sp,x') = p'. We will use Cp' and 

Cp to denote the smooth projective fc-curves which correspond to the function fields 

T-L{p') and T-L{p). By Lemma 4.1, we have that 

f{p) = W) ■■ n{p)]. 

The rest of the proof uses arguments similar to those employed to prove Lemma 4.1. 
Let tx be a uniformisant of the local ring Oc,x such that \tx{p)\ — 1 and tx doesnot 
have a zero or a pole at any point y G C(fc) for which the path ■;/;(_, y) : [0, Sp] — ^ C"^" 
coincides with the path ex '>P(-tx) ■ [0, Sp] — > C™ in the tangent space Tp. Let 
tx denote the image of tx in T-Cij)) and t'x its image in k{C'). 

Let E{ex,p') denote the set of preimages of the point G Cp on Cp'. The set 
E{ex,p') coincides with the collection of paths ip{-,y) : [0,Sp] as y varies 

along the elements of the equivalence class [x']r(sp)- We have that 

Our choice of tx implies that t'^ cannot have a zero or pole at any point y' G C'{k) 
for which y') ■■ [0, r] C"^" G E{ex) and y' ^ (l>-\x). Since the skeleton Tc- 
contains the sot of A'-points belonging C over which the morphism (p is ramified, we 
must have that ram(.T) = 1. 

It follows from the Poincare-Lclong theorem that 

^e'eE{e^,p')Or(ie'{ix) = r^^ix). 

Hence the proof. □ 

5.1.1. Calculating l{ep,p') for p G Tc^" and p' G 4'~^{p)- In this subsection we 
study the number l{ep,p') for p G Tpan and p' G 4>~^{p) using arguments similar 
to those employed in the proof of 5.3. In what follows we will assume that p is a 
type II point. 

Lemma 5.4. Let p G and Cp G Ep, then l{ep,p') is a constant as p' varies 
through the set of preimages of the morphism (p. 

Proof. Let Pi,p'2 G <l)~^{p). The Galois group Gal{k{C')/k{C)) acts transitively on 
the set of preimages of the point p. The elements of the Galois group are continuous 
homeomorphisms on C"^'^. If a G Gal{k{C') / k{C)) is such that a{p\) = p'2, then 
a maps the set of germs l{ep,p'-^) injectively to the set l{ep,p'2). By symmetry we 
may conclude that our proof is complete. □ 
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By the lemma above, if p £ Tcan and Cp S Ep then l(ep) := l{ep,p') for any 
p' £ (f>~'^{p) is weh defined. In section 2 we discussed the tangent space at a point 
on the space C". The germ of ep is an element of the tangent space at p (cf. 
Definition 2.6). By Section 2.4.3, ep corresponds to a discrete valuation of the k- 

function field H^p). For any p' S (j)~^{p), the extension of fields 7i{p) ^ H{p') can 
be decomposed into the composite of a purely inseparable extension and a Galois 
extension. Hence the ramification degree ram(e'/ep) is constant as e' varies through 
the set of lifts of the germ of Cp. Let ram(ep) be this number. We have that 

Proposition 5.5. 

l{ep,p') = {[k{C') : k{C)]/{np.Yam{ep)) 

Proof. The morphism (p : C ^ C corresponds to an extension of function fields 
k{C) — > k{C') which is Galois. The point p G Tcan induces a multiplicative norm 
on the function field k{C). The set of prcimages 4)~^{p) corresponds to those 
multiplicative norms on k{C') which extend the multiplicative norm p on k{C). 
For every p' G 4)^^{p), Hip') is the completion of k{C) for p' and is a finite ex- 
tension of the non-archimedean valued complete field The Galois group 
Gal{k{C') /k{C)) acts transitively on the set (j)~^{p). It follows that degree of the 
extension [H(p') : "Hip)] is a constant as p' varies through the set (j)~'-^{p). We 
denoted this number f{p). Hence we have that 

[fc(C') : k{C)] = npfip). 

By Lemma 4.1, f{p) — [^{{p') : 'H{p)]. Uniquely associated to the fc-function fields 
T-Lip) and 'H(p') are smooth, projective fc-curves denoted Cp and C'p,. The germ ep 
corresponds to a closed point on the former of these curves. The number l{ep,p') 
is the cardinality of the set of preimages of the closed point Cp for the morphism 
induced by t/)*^". The result now follows from (Theorem 7.2.18, [L]) applied to the 

k- function fields 'H{p),'H{p') and the divisor ep. 

□ 
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